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Section I  10 Marks 

Attempt Questions 1-10 

Allow approximately 15 minutes for this section.   

Use the Multiple Choice answer sheet for questions 1-10. 

 

1. Which vector is perpendicular to 

(
6

−4
8

)? 

A) (
12
−8
16

) B) (
−6
4
−8

)  C) (
6
12
2

)  D) (
4
10
2

) 

 

2. A particle is describing SHM in a straight line with an amplitude of 2 metres.  Its speed is 3m/s 
when the particle is 1 metre from the centre of motion. 

What is the period of the motion? 

A) 𝜋√3
2

  B) 
2𝜋√3

3
  C) 𝜋√3  D) 

2𝜋√2
3

 

 

3. Consider the following statement for 𝑛𝜖ℤ. 
 
If 𝑛2 + 4𝑛 is odd, then 𝑛 is odd.  Which of the following statements is the contrapositive of this 
statement for 𝑛𝜖ℤ? 
 
A) If 𝑛 is even, then 𝑛2 + 4𝑛 is even 
B) If 𝑛2 + 4𝑛 is even then 𝑛 is even 
C) If 𝑛 is odd then 𝑛2 + 4𝑛 is odd 
D) If 𝑛2 + 4𝑛 is odd then 𝑛 is even 
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∫
1

1 + 𝑐𝑜𝑠𝑥

𝜋
2

0
𝑑𝑥 

4. The points A and B in the diagram represent the complex numbers 𝑧₁ and 𝑧₂ respectively, where 
|𝑧₁| = 1 and arg(𝑧₁)=𝜃 and z₂= √3𝑖𝑧₁ 

 

 

 

 

 

 

 

 

        Which of the following represents 𝑧₂ − 𝑧₁ ? 

A) 2𝑒𝑖(2𝜋
3 +𝜃) B) 3𝑒𝑖(2𝜋

3 +𝜃) C) 2𝑒𝑖(2𝜋
3 −𝜃) D) 3𝑒𝑖(2𝜋

3 −𝜃) 

 

5. Which of the following is an expression for                             after using the substitution 𝑡 = tan 𝑥
2
 ? 

A) 
∫

1
1 + 2𝑡

1

0
𝑑𝑡 

B) 
∫ 1 + 𝑡2

1

0
𝑑𝑡 

C) 
∫ 𝑑𝑡

1

0
 

D) 
∫

2
(1 + 𝑡)²

1

0
𝑑𝑡 

 

6. Which of the following is false? 
 

A) 
∫ 𝑥3

3

−3
𝑒−𝑥²𝑑𝑥 = 0 

B) 
∫

𝑥2

𝑥2 + 4

4

−4
𝑑𝑥 = 2∫

𝑥2

𝑥2 + 4

4

0
𝑑𝑥 

C) ∫ 𝑠𝑖𝑛⁴𝜃𝑑𝜃 > ∫ 𝑠𝑖𝑛4𝜃𝑑𝜃
𝜋

0

𝜋

0
 

D) 
∫ 𝑥⁴

1

0
𝑑𝑥 < ∫ 𝑥⁵

1

0
𝑑𝑥 

 

 

7. The points A, B and C are collinear where 
 

 𝑂𝐴⃗⃗⃗⃗  ⃗ =  𝑖
∼
+ 𝑗

∼
,       𝑂𝐵⃗⃗⃗⃗  ⃗ = 2𝑖

∼
− 𝑗

∼
+ 𝑘

∼
,       𝑂𝐶⃗⃗⃗⃗  ⃗ = 3𝑖

∼
+ 𝑎𝑗

∼
+ 𝑏𝑘

∼
. 

What are the values of 𝑎 and 𝑏? 

A) 𝑎 = 3, 𝑏 = 2    B) 𝑎 = −3, 𝑏 = 2 

C) 𝑎 = 3,𝑏 = −2   D) 𝑎 = −3,𝑏 = −2 

 

Im 
B 

NOT TO SCALE 

A 
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8. If 𝑧 is any complex number satisfying |𝑧 − 2| = 1, then which of the following is correct? 

 

A) arg(𝑧 − 2) = 2arg(𝑧 − 1) 
B) 2𝑎𝑟𝑔𝑧 = 2

3
arg(𝑧2 + 2𝑧) 

C) 𝑎𝑟𝑔𝑧 = 2arg(𝑧 − 2) 
D) arg(𝑧 + 2) = arg(𝑧 − 2) 

 

9. Let 𝑢
∼

= (
1
1
0
) and 𝑣

∼
= (

1
2
2
). 

The angle between the vectors 𝑢
∼

 and 𝑣
∼

 is 

A) 30°  B) 22.5°  C) 0°  D) 45° 

 

10. Given that 𝑤7 = 1 and 𝑤 is a complex number, what is the value of 
 
1 + 𝑤 + 𝑤2 + 𝑤ᶾ + 𝑤4 + 𝑤5 + 𝑤6 + 𝑤⁷? 
 
A) 1  B) 𝑤  C) −𝑤  D) 0 

 

  

-
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Section II  90 Marks 

Attempt Questions 11-16. 

Allow approximately 2 hours and 45 minutes for this section. 

Your responses should include relevant mathematical reasoning and/or calculations. 

Begin each question on a NEW page. 

 

Question 11   (15 marks)         Marks 

a) Let 𝑧 = 1 + √3𝑖.  Find the complex numbers for 
 

(i) 𝑧�̅�                2 

(ii) 𝑧²                2 

 

 
b) Express −2 + 2√3𝑖 in the form 𝑟𝑒𝑖𝜃             2 
 
 
c) Find  

 
(i) 2 

 

(ii)                 2 

 

 
d) (i) Use Euler’s formula 𝑒𝑖𝜃 = 𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃 to find a similar simplified result for 𝑒−𝑖𝜃     1 

(ii) Hence show 𝑠𝑖𝑛𝜃 = 1
2𝑖

(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)            1 

(iii) Use the result from part (ii) to show that  
 𝑠𝑖𝑛ᶾ𝜃 = 3

4
𝑠𝑖𝑛𝜃 − 1

4
𝑠𝑖𝑛3𝜃            3 

 

 

End of Question 11 

  

∫
𝑑𝑥

𝑥(𝑙𝑛𝑥) 

∫
1

𝑥2 + 6𝑥 + 13 𝑑𝑥 
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Question 12   (15 marks)  Begin a NEW page     Marks 

 

a) The velocity 𝑣m/s of a particle moving in simple harmonic motion along the 𝑥 axis is given by  

𝑣2 = 8 − 2𝑥 − 𝑥2. 

 

(i) Between which two points is the particle oscillating?         2 

(ii) Find the acceleration of the particle in terms of 𝑥          1 

(iii) Find the period of the motion            1 

(iv) What is the time taken by the particle to travel the first 60m of its motion       1 
(leave in exact form) 
 
 

b) Given that a, b and c are positive real numbers, prove that 

 (𝑎 + 𝑏 + 𝑐)² ≥ 3(𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐)           3 

 
 
c) If  𝑎

∼
= 3𝑖

∼
+ 2𝑗

∼
+ 2𝑘

∼
  and  𝑏

∼
= 𝑖

∼
− 𝑗

∼
− 𝑘

∼
, find the unit vector(s) perpendicular to  

both 𝑎
∼

 and 𝑏
∼

                2 

 
 

d) The points P, Q and R have position vectors 𝑖
∼
+ 2𝑗

∼
− 𝑘

∼
, 𝑖
∼
+ 2𝑗

∼
 and 2𝑖

∼
− 3𝑗

∼
− 2𝑘

∼
 

respectively. 
(i) Find the vectors 𝑄𝑃⃗⃗ ⃗⃗  ⃗ and 𝑄𝑅⃗⃗⃗⃗  ⃗             1 

(ii) Find the magnitude of ∠𝑃𝑄𝑅 correct to the nearest degree        2 

 

e) (i) Find the vector equation of line vector 𝑟
∼

 given it passes through 

 (1, 3, −2) and (2,−1, 2)             1 

(ii) Determine if 𝑟
∼

 passes through (4,−9, 10)            1 

 

End of Question 12 
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Question 13   (15 marks)  Begin a NEW page     Marks 

 

a) Find                                 using the substitution 𝑢 = √𝑥2 − 4          2 

 

b) Evaluate                2 

 

 

c) Given that for 𝑘 > 0, 1
(𝑘+1)²

− 1
𝑘
+ 1

𝑘+1
< 0 use Mathematical Induction to prove that for       3 

all integers 𝑛 ≥ 2,  
 
1
12 +

1
2²

+
1
3²

……+
1
𝑛2 < 2 −

1
𝑛 

 

d) If 𝑃 = 𝑖
∼
+ 𝑗

∼
+ 𝑘

∼
 and 𝑅 = 9𝑖

∼
+ 3𝑗

∼
+ 8𝑘

∼
 find the point 𝑄 on 𝑃𝑅⃗⃗⃗⃗  ⃗ such that        3 

𝑃𝑄 ∶ 𝑄𝑅 = 2 ∶ 3 

 

 

e) The rise and fall of tides can be approximated to simple harmonic motion.  At 11am the 
depth of water in a tidal lagoon is lowest at 1m.  The following high tide is at 5:21pm 
with a depth of 5m. 
 
(i) Find the period of this motion in minutes           1 
(ii) Express the motion using a cosine function           2 
(iii) Calculate between which times a yacht could safely cross the lagoon if a  

minimum depth of 2m is required            2 
 

 
End of Question 13 

 

  

∫
𝑑𝑥

𝑥√𝑥2 − 4
 

∫𝑥2𝑠𝑖𝑛𝑥𝑑𝑥 
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∫ 𝑠𝑒𝑐ⁿ
𝜋
4

0
𝜃𝑑𝜃 

∫
1

𝑥2(𝑥 − 1) 𝑑𝑥 

Question 14   (15 marks)  Begin a NEW page     Marks 

 

a) Prove the following statement using a proof by contradiction.         3 

“For each irrational number 𝑠, the number 2𝑠 + 1 is also irrational” 

 

b)  (i) If 𝐼ₙ =                         show that            3 

𝐼ₙ =
1

𝑛 − 1 [(𝑛 − 2)𝐼𝑛−2 + (√2)ⁿ⁻²] 

for 𝑛 ≥ 2 

 

(ii) Evaluate            2 

 

c) (i) Find real numbers 𝑎, 𝑏and 𝑐 such that           2 

1
𝑥2(𝑥 − 1)

=
𝑎
𝑥

+
𝑏
𝑥2 +

𝑐
𝑥 − 1

 

 

(ii) Hence find                    in simplest form.                       2
         

 

d) Find a point of intersection of the line with parametric equation         3 
 
𝑟 = 𝑖

∼
+ 3𝑗

∼
− 4𝑘

∼
+ 𝑡(𝑖

∼
+ 2𝑗

∼
+ 2𝑘

∼
)  and the sphere with equation 

(𝑥 − 1)2 + (𝑦 − 3)2 + (𝑧 + 4)2 = 81 
 
 
 

End of Question 14 
 
 

  

∫ 𝑠𝑒𝑐⁴
𝜋
4

0
𝜃𝑑𝜃 
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Question 15   (15 marks)  Begin a NEW page     Marks 

 

a) The point 𝑃(𝑥, 𝑦) representing the complex number 𝑧 moves in the Argand diagram  

so that |𝑧 -6 |=|𝑧 +2i |. 

(i) Show that the path 𝑃 traces out, has equation  3𝑥 + 𝑦 − 8 = 0        2 

 

(ii) Find the minimum value of |𝑧| as 𝑃 moves on this path         2 
 

 

b) The polynomial 𝑃(𝑥) = 𝑥4 − 4𝑥3 + 11𝑥2 − 14𝑥 + 10 has zeros 𝑎 + 𝑏𝑖 and 𝑎 + 2𝑏𝑖      3 

where 𝑎 and 𝑏 ∈ ℝ and 𝑏 ≠ 0.   

By evaluating 𝑎 and 𝑏, find all the zeros of 𝑃(𝑥). 

 

c) A particle moves along the 𝑥 − axis, starting at 𝑥 = 0.1 at time 𝑡 = 0. 

The velocity of the particle is described by  

  𝑣 = √2𝑥𝑒−𝑥2  𝑥 ≥ 0.1 

where 𝑥 is the displacement of the particle from the origin. 

 

(i) Show that the acceleration of the particle is given by         2 

𝑎 = 𝑒−2𝑥²(1-4𝑥2)  

 

(ii) Hence find the fastest speed attained by the particle.         2 

 

(iii) Show that 𝑇, the time taken to travel from 𝑥 = 1 to 𝑥 = 2 can be expressed as      2 

𝑇 = ∫
1

√2𝑥

2

1
𝑒𝑥²𝑑𝑥 

 

(iv) Use the trapezoidal rule with three function values to give an approximate value      2 
of 𝑇 correct to the nearest whole number. 

 

End of Question 15  
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Question 16   (15 marks)  Begin a NEW page     Marks 

a) Given 𝐴𝑃⃗⃗⃗⃗  ⃗ = [
−1
6

−1
]    and    𝐴𝐵⃗⃗⃗⃗  ⃗ = [

−2
5

−7
] 

 
(i) Find  𝑝𝑟𝑜𝑗𝑏

∼
𝑝
∼

 where 𝐴𝑃⃗⃗⃗⃗  ⃗ = 𝑝
∼

  and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏
∼

           2 

(ii) Find the perpendicular distance 𝑑 from 𝑃 to the line 𝐴𝐵.         2 
 

b) (i) Using a suitable substitution, show that            2 

 

∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑎 − 𝑥)𝑑𝑥
𝑎

0

𝑎

0
 

 

(ii) A function 𝑓(𝑥) has the property that 𝑓(𝑥) + 𝑓(𝑎 − 𝑥) = 𝑓(𝑎)        2 

 Using part (i), or otherwise, show that 

∫ 𝑓(𝑥)𝑑𝑥 =
𝑎
2

𝑎

0
𝑓(𝑎) 

 

c) (i) Given 𝑓(𝑡) = sin(𝑎 + 𝑛𝑡) 𝑠𝑖𝑛𝑏 − 𝑠𝑖𝑛𝑎𝑠𝑖𝑛(𝑏 − 𝑛𝑡)         2 

where 𝑎, 𝑏 and 𝑛 are constants with 𝑎 > 0, 𝑏 > 0 and 𝑎 + 𝑏 < 𝜋 and 𝑛 ≠ 0,  

show that      𝑓(𝑡) = sin(𝑎 + 𝑏) 𝑠𝑖𝑛𝑛𝑡 

 

(ii) Find all values of 𝑡 for which              3 

  
sin(𝑎+𝑛𝑡)
sin(𝑏−𝑛𝑡)

=𝑠𝑖𝑛𝑎
𝑠𝑖𝑛𝑏

 

 
 

 

 

 

 

 

 

Question 16 continues………  
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d)                    2 

 

 

 

 

 

 

 

 Let 𝑛 be a positive integer greater than 1.  The area of the region under the curve 

𝑦 = 1
𝑥
  from 𝑥 = 𝑛 − 1 to 𝑥 = 𝑛 is between the areas of two rectangles, as shown in the 

diagram. 

 Show that 𝑒
−𝑛
𝑛−1 < (1 − 1

𝑛
)ⁿ < 𝑒−1 

 

End of Exam 
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